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Abstract 

In this paper, we introduce generalized Baskakov Kantorovich Stancu type operators and investigate direct result, 
local approximation and weighted approximation properties of these operators. Modulus of continuity, second 
modulus of continuity, Peeter’s K-functional, weighted modulus of continuity and Lipschitz class are considered 
to prove our results. 
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1. Introduction 

For / S C[0,1], Bernsteinj^l defined the linear positive operators which are the classical example of linear 
approximation as 


Bn{f-,x) = f^{l)Pn,k{x)f{-\ ( 1 ) 

k=Ql V ” / 

where P„_k{x) = x^(l —x)"^^,x € [0,1] and nGN. In this paper, Bernstein showed that these operators approximate 
uniformly on [0,1] to every continuous function / G C[0,1]. But these operators are not suitable for discontinuous 
functions. Later on, Kantorovich lfl^ generalized the operators(l) to approximate the measurable functions (see 
G.G. Lorenz lfl^ L For n G N and / G Lp[0, 1], 1 < p < °°, the Kantorovich operators K„ : Lp([0,1]) Lpi[0, Ij) 
defied by 


Knif;x) = {n + 


k+i 



k= 1,2,3... 


( 2 ) 


Kantorovich type operators converges almost everywhere to the function / on [0,1]. A. Wafi and S. Khatoon lfl^ 
defined a generalized Baskakov-Kantorovich operators on [0,oo) 

ttl 


n 



n 


where 


Wn.k{x)=e 


Pk{n,a) 


k\ (1 +xf+^ 


(4) 
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( 5 ) 


such that ^ = 1 and/7i.(n,a) = Y. C){n)ia^ with (n)o = 1, (n); = n(n+ !)...(«+ ; —1). 

k=o ’ i=0 ' 

The Stancu operators ifldll and its Kantorovich version ^ are respectively given by 

= (« + ^ + 1) f x'^(l -xrvf 

*”o V« + P/ 

n+P + l 

/(1-x)"^^ J fit)dt, (6) 

k+a 

n+jS + l 

where a, j3 are any two two non negative real numbers such that 0<a<j3.Ifa=j3=0, the operators (5) and (6) 
reduce to operators (1) and (2) respectively. In the literature there are many studies on these type of operators(see 
ifUl . 101, iSl, dl, In this article, we define generalized Baskakov-Kantorovich-Stancu type opeators as 
follows 




1 )E 

k=0 


k+a+l 

n+P 


Tn^a^if-,x) = {^ + P)tKk 


k=0 


W j 

k+a 

n+/i 


(7) 


where is defined in (4). 

For a = )3 = 0, we get the operators (3). The aim of this article is to present a Kantorovich form of Stancu 
variant of generaliged Baskakov operators (see Rao. N., Wafi A.||T3l). Further, we study the direct result, local 
approximation weighted Korovkin type theorem and order of approximation using weighted modulus of continu¬ 
ity. 


2. Basic results 

Lemma 2.1 Let a,x > 0 and n — 1,2,3.... Then from lfoll . we have 


(0 LnfiUx) 
(//) 

(Hi) L“f{t^-x) 
(iv) L-;iit^;x) 


(v) 


1 , 

n a X a 

n +n + P l+x~^ n + P’ 

+ +n 2 n(l+2a) + x^ 2an x^ a(l+2a) x a? 

(n + j3)2'' ^ + {n + l5)^{l+x)^^ {n + l5f{l+x)^ (n + j3)2 l+x^(n + j3)2 

-I- 3n2-p 2n 3 n2(3 _|_ 3o£) _|_„(3 _|_ 3Q;_j_ 3^) ^ n(l+3a + 3a2) 3a+ x^ 

(n + py "" ^ ^ (n + py (1+x) 

n / 3a^x^ 3ax^ 6aax^\ 1 /ax 3a^x^ aV 

(n + j3)2 \(1 -|-x)2 1 -px 1 -fx y (n + j3)2 \ 1 -fx (1 +x)2 (1 -|-x)2 

3aa^x^ 3a?ax 
(l-|-x)2 1-l-X J 

+ 6n^+ lln^ + 6n 4 (6+ 4a)n2-p (18-p I2a)n2_|_ (9-|_ 3 /(7-|-12a + 6a2)n2 

(n + jS)'* ^ (n + j3)"^ („_pj3)4 

(7-|-12a-)-12afl + 6oc2)n\ ^ (1-|-4a-|-6a2-|-4a2)n 4an^ + 12a++ ^an x'^ 

(n-|-j3)"^ (n + P)^ ■*”*" (n + P)^ 1+x 

6a^rP‘ + 6a^n x^ Aa^n x^ x^ \2iarP'A-l^an x^ 

(n-|-j3)"^ (1-|-x)2 (n-|-j3)4 (1-|-x)3 (fo-f (1-|-x)‘* (n-fj3)‘^ (!+•*) 

(ISa^-|-l2a2o;)n x^ 6a2-|-4aa2 x^ (12fla2-|-12aa-l-14a)n x^ 

(n + P)^ (l-|-x)2”*" (n + P)'^ (l-|-x)2”*" (n-fj3)"^ (1+-^) 

7a2-(-I2a2a + a+Aaa + 6a^a+Aa^a x a^ 

{n + py (l-|-x)2”*" {n + PY l+x~^{n + liY' 
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Lemma 2.2 Let a,x>0. Then 


(0 

i") 

(“0 T^/it^’X) 

(iy) 


= 1 , 


n a 

7^+ ■ 


2oj H” 1 


n + j3 n + j3l+x 2(n + j3)’ 
n^ + n 2 , n{2 + 2a) ^ 

T'L' H ; ^ riNT X-\- 


{n + fif 


x^ 2an 

■ + 


^3(2T2o^) X 3cc^-\-l 


(n + j3)2 (n + j3)2 (1+x)2 (n + j3)2(l+x) (n + jS)^ 1+x 3(n + j3)2 


n^ + 3n^ + 2n 3 ^ n^(|+ 3a)+n(|+ 3a + 3fl) ^ ^ n(|+ 6 a + 3a^) ^ 3an^ 

(n + j3)3 "" ^ (n + j3)3 (1+x) 

n / 3a^x^ 6 flx^ 6aax^\ 1 //7, , 7 \X / 99 , x^ 

+ 7-^TTI 77-77 + 7-1—7- I + 7-( a(— + 3 o! + 3 o!fl ) 7- 1 ” T 3 o!fl ) 77-77 

(n + j3)3 V( 1 +x )2 1 +x 1 +xy {n + l5)^\^2 M+x ^2 ( 1 +x )2 


a^x^ 

(1 +x)3 


a^ + |a^ + a 

(« + ^P ’ 


(v) T-fit^x) = 


-\-6n^-\-lln^-\-6n 4 ^ ( 8 +4a)n^ + (24 + 12a)n^+(13 + 8 a)n 3 ^ ^(15 4-18a + 6 a^)n^ 

X H 7 ^ 777a X + - 


(n + j3)^ (n + j3)^ 

(15-l- 18 ojH— 1-6^3-l- 12 oj 6^-|-6oj^)n\ 9 

(n + ^)4 j 


(n + ^)4 

(6+14a+llo:^+4o:^)n ^ 4fln^ +12an^ + 8 fln x^ 


(n + ^)4 


6a^n^ + 6a^n x^ 


4fl^n 


■ + ■ 


(n + pr 
24arP+l8an x^ 


1 +x 


(n + P)‘^ i+x)^ (n + j3)"^ (1+x)3 (fo +(1+x)"^ {n + P)‘^ (1+''^) 

(24fl^ + 12fl^a)n x^ 8fl^+4aa^ x^ (12ao:^+10fl + 24fla+14fl)n x^ 


(n + j3)4 (l+x)2 (n + j3)4 (l+x)3 


(n + ^)4 


(1+x) 


15fl2 +I8fl2a + 6fl2a2 


(n + P)‘^ (l+x)2 (n + P)^ 

Proof Identity (i) is obvious. For identity (ii), we use the linearity property 


6^3 + 8o^^3 + 12o^2^3 + 4o^2^3 X + 2ct^ + 2ct2 + ct 

+ ■ 


1 +x 


(n+pr 


lc±a+X 

n+p 


''/{f,x) = {n + P)f^WPi,{x) f tdt, 
k=o , r^ 


k±a 

n+P 


Tn“/if-,x) = in + p)Y,W:^,{x) 


k=0 


A:+o;+l 

~T+r 

k+a 

n+P 


Tn“fif,x) = Y.w„y{x) 

k=0 


k cc 1 


n + P 2{n + P) 


From Lemma 2.1, we have 


=L“f (t;x) + —(l;x) 
2[n + li) 


ft , , rt u X (X 

Tft a (L x) = -^X H-^ 7-1-^ + 

’ n -1- f{ n -L f{ 1 -L v n -L- f{ 


1 


n + p n + pl+x n + P 2{n + p) 
which prove the identity (ii). Similarly, we can prove identities (iii), (iv) and (v). 
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Lemma 2.3 Let V4(0 = (t — xy,i = 1,2,3,.... Then, we have 


Tnf{wl{t)\x) 


TlaHwlityx) 


KaHwtityx) 


1, 

( n \ a X 2a+ 1 

\n + j3 y n + j3 1+x~*" 2(n + j3)’ 

n + j5^ 2 ^ n — 2{a+ l)j5 ^ x^ 2aj5 ^ a{2 + 2a) x ^ 3a^ + l 

(n + j3)2^ ^ (n + j3)2 ^+(n + j3)2(l+x)2"(n + j3)2(l+x)'*' (n + j3)2 l+x^3(n + j3)2’ 

(3-12j3)n2+ (6 + 4)3+ 2)32+ 4j32)„ + j34 ^ /(6- 12fl- 12)3a)n2+(13+ 8a-18)3 + 12a)3+9)32)n 

(n + ^)4 x+\^ (n + ^)4 

-4)32a-2)32\ 3 (ll-18a + 18a2)n2 + (i5 + i8a + 6fl + 12afl-24a)3)n + 6a2)32 + 2)32 2 

(n + P)'^ ^ (n + P)'^ ^ 

(6 + 10a + 5a2)n-4)3(a2 + |a2 + a) 12an2 + 8fln-4fl)32 

(n + )3)‘^ (n + P)^ (1+-^) 

6fl2n + 6fl2)32 4fl2)3 x^ x^ 12fln2 + igan+ 6fl(l+2a))32 x^ 

(n + )3)‘^ (l+x)2 (n + )3)"^ (1+x)2 (n + )3)‘^ (1+x)"^ (n + )3)‘^ 1+x 

6fl2n — (12a2+12afl2))3 x^ 6 fl 2 + 4 afl^ x^ (12aa + 8fl —6fla2)n —(60 + 18 a 2 fl ))3 x2 

{n + py (l+x)2”*" {n + P)^ (l+x)2”*" {n + PY 1+x 

7a2 + 12fl2a+ 6fl2o:2 (a)+4afl + 6a2a + 4a^a x a^ 

{n + P)‘^ (l+x)2”*" {n + P)‘^ 1+x"*" (n + )3)"^' 


Proof By using the linearity property and Lemma 2.2, we can prove the Lemma2.3 . 


GC 13 

Lemma 2.4 For the operators r„ ^ , we have 


T+((,-+;x) < «+ 41 ±^±Ly:±Il 


CC (3 

where Ma is a positive constant for the fixed value of non-negative numbers a, a, and )3. 


Proof Since < x' for all x > 0 and j < i{j,i = 1,2,3,4), we have 

rraH// + ^ ^ 1 f (3 — 12)3 + 12fl)n2 +( 6 +4)3+2)32 + 4)3^+ 8fl+ 6fl2)n+ )3"^ — 4fl)32+ 6fl2)32 — 4fl3jg _|_q4 ^ 

Tn,a {{t-x) ■,X} < 2C 

/(6- 12fl-12)3a+12a)n2 + (i3 + 8a- 18)3 + 12a)3+9)32 +18fl + 6fl2)„-4)32a-2)32 

( 6 fl(l+ 2 a ))32 — 12 fl 2 +12afl2))3+ 6 fl 2 + 4o:fl2\ ^ /(ll — 18 a+ 18 a 2 )n 2 

r ^ V 

(15 + 18a+14fl + 24afl-24a)3-6fla2)n + 12a2)32 + 2)32-(6fl + 18a2a))3+7fl2 + i2a2a\ 2 

+ r 

(6 + 10a + 5a2)n - 4)3 (a^ + |a2 + a) + a + 4afl + 6a2fl + 6a^a 


T-afi//. \4 , , A4 x‘*+A3x2+A2x2+AiX 

T,JW-x) ;x) <-- 


( 8 ) 


4 



where 


A 4 


A 3 


A 2 


Ai 


(3 — 12j3 + I2a)n^+ (6 +4j3 +2j3^ +4j3^ + 8a + 6a^)n + — 4aj3^ + 6a^j3^ — 4a^j3 +a^ 

i^^+W 

(6-12a-12)3a+12a)n2+(13 + 8a- I8p + l2ap+9p^+l^a + 6a^)n-4p^a-2l5^ 

i^^+W 

(6a(l +2a)j3^— 12a^+ 12aa^)j3 +6a^+4aa^ 

(n + /3)4 

(15 + 18a+ 14a + 24aA - 24aj3 - 6aa^)n + \2a?-^^ + 2^^ - (6a + \2>a?-a)^+la^ + I2a^a 

(« + j3)2 

(6 4- 10a + 5a^)n - 4j3 (a^ + |a^ + a) + a + Aaa + 6a^a + 6a^a 

i^^+W ■ 


For large value of n, each A,(l = 1,2,3,4) converges to a value depending on a,a,j3, Therefore, there exists a 
cc j3 cc /3 

constant Mfl for the fixed values ofa,a,)3 such that A,-< Mo fori= 1,2,3,4. Using (8), we arrive at the result. 


3. Direct approximation 

Let Cb[0,oo) denote the space of real valued continuous and bounded functions / on [0,oo) endowed with the 
norm 


11/11= sup |/(x)|. 

0<.r<»o 

Then, for any 5 > 0, Peeter’s K-functional is defined as 

K 2 {f, 5 )=inf{\\f-g\\+ 5 \\g"\\:geCl[ 0 ,c^)}, 

where Cg[Q,°°) = {g S Cb[0,oo) : g',g" G Cb[0,oo)}. By Devore and Lorentzlfl. p.l77. Theorem 2.4], there exits 
an absolute constant C > 0 such that 


K2{f-,d)<Ca>2{f-,Vd), 

where ( 02 {f', 8 ) is the second order modulus of continuity is defined as 

0 } 2 {f,'/d)= sup sup \f{x + 2 h)- 2 f{x + h)+f{x)\. 
0<h<\/Sxe[0,’«) 

Theorem 3.1 Let / € C|[0,oo). Then for all x € [0,oo) there exist a constant K >0 such that 


T,?I{f\x)-f{x) \< Ko> 2 {f-, ^7n'^{x)) + (o(f;(-^ 


a X 2a +1 


n + pj n + pl+x 2(n + )3) 


1 


where - J ,.2 , 24 4 , a(3+4a) x , 7«^+4«+2 

Where 7„ (x) | („+j 3 ) 2 -« + („+j3)2-^+(n+p)^ (TT7F («+i3)^ 1 +^"^ 3(«+/3)2 L 


Proof First, we define the auxiliary operators 

f (f;x) = {f-x) + fix) - f (-^x + 

\n + p 


a X 2a +1 
■ + 


+ )3 n + 13 l+x 2(n + )3) 


We find that 


( 9 ) 


f“'^(l;^) = l, 


f“-^(Vu(f);x)=0 


5 



















|7;“’^/;x)|<3||/||. 


(10) 


Let g G C|[0,oo). By the Taylor’s theorem 


g{t) = g{x) + {t - x)g'{x) + J {t-v)g"{v)dv, 

X 

Now, using (11), the auxiliary operators is given 

t 

T“'^ig'^x)-g{x) = g{x)f^’^{t-x-,x) + f^’^U {t-v)g"(y)dv,x^ 


( 11 ) 


— v)g" {v)dv,x 


- n ^ 

X 

n „ I a X _j_ 2a+\ 
t n+fi n+fi i.+x~^ 2{n+(5) 

= {t-v)g''{y)dv,}^- j ( 

X X 

Therefore 

\fn’^{g-,x)-gix)\ < 


n ax 2a+1 

n +n + P 1+x”*" 2(n + j3) 


-v)g’'(v)dv. 


;“/(/ it-v)g''{v)dv,x^ 
FT 

/ ( 


n ^ , a X I 2a+\ 

n+pT+^X 2(„+f|) 


a X 2a+1 




r)/(v)rfi 


Since 


i 

j it-v)g"{v)dv 


< {t-xf II g" 


(13) 


and 


n I a X 1 2«+l 

TiTp re + 2 {n+P) 


/ ( 


n ax 2a +1 

n +n + P l+x~^ 2{n + j3) 


-v^g''{v)dv 


^ ^ a X 2a +1 \ 


Then from(12),(13)and (14) implies that 


|f“’^(g;x)-g(x)| < i^T-f((t-x)^-,x)+(^-^x+- 


a X 2a +1 


(5 1 X 2(n + j3) 


■ii/ii 


n + 2j3^ ^ ^ n — p ^ 2a^ x^ ^ a(3+4a) x ^ 7a^+4a + 2||| 

(n + j3)2'^^(n + j3)2''^(n + j3)2(l+x)2^ (n + j3)2 1+x^ 3(n + j3)2 




(15) 


Next, we have 


I Tnf (/; x) - /(x) I < I f - g; x) I + I (/ - g) (x) I + I f (g; x) - g (x) I + |/( -^^x + ^ ~ I 


Using(15), we have 




< 


4||/-^||+)^’^(x)||g"||+cu(/; 


n ax 2a +1 

n + j3 n + j3 1+x 2(n + j3) 



By the definition of Peetre’s K-functional 


-/Wl < C®2(/; ®(/; 


tX + 


\ n + p n + j3l +x 


2ct d- 1 \ 
2(n + j3)J' 


Now, we use the Lipschitz type space 

LI Pm = {/ G C[0 ,-): |/(f) -/W| < : x,t e (0-)} 

(f+x)7 

where M is a constant and 0 < a < 1 to prove the following theorem: 


Theorem 3.2 Let / G Lipl^{a) and x G [0,°°). Then, we have 


\T,^/if-,x)-nx)\<M 




X 


where A“’^(x) = Tn’^{{t—x)^-,x). 


Proof Let a = 1 and x G (0,oo). Then, for / G L/p’J^(l), we have 


oo p ^+0^+1 

\T“/{f-,x)-f{x)\ < {n + P)Y,K4^)L^\fit)-fix)\dt 

k=0 


< 


< 


< 


jfc=0 V'+x 

in + li)Y,W:^,ix) \t-x\dt 

VX i:=0 


M 

\fx 


7;“’^(k-x|;x) 


< M 


\j {{t - xy-,x) 


= M\ 


\fx 

A“’^(x) \ 


Thus, the assertion hold for a = 1. Now, we will prove for a G (0,1). From the Holder inequality with p= L,q 
we have 


k-\-oc -\-1 


|7;'^^/;x)-/(x)i = \m-f{x)\dt^ j (w.^x)) 

/ oo / p k+a+l 

^ ( E^«“-t(x)f + \f{t)-f{x)\dt 


\-a 


Since / G Lip]^, we obtain 


/ “ ■.+0!+l I I 

|7;‘^^(/;x)-/(x)| < M({n + l5)Y,W„yix)i y l^dt 

V /t=o ‘^H+Tt yf+x 




< 


M 

a" 

xT 

M 


oo p k 

(«+^) E w L r 

<:=0 


= —(7;“/(|f-x|;x))' 

x7 


< M 


A“’^ (x) 
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4. Approximation properties of r,“/ in weighted space 

a j 3 

In this section, we investigate the weighted ^proximation properties of the operators Tn.a by the weighted 
Korovkin type theorem given by Gadzhiev (11,0) and using weighted modulus of continuity defined by lspir|0 . 


LetBp[0,oo) = {f{x) : |/(x)| <Mfp{x),p{x) is weight function, M/ is a constant depending on / and;c G [0,oo)}, 
Cp [0, oo) is the space of continuous function in Bp [0, °°) with the norm ||/(x) || p = sup and 

Cp = {/ G Cp ; lim = k, where k is a constant depending on /}. 


h'l- 


Theorem 4.1 Let Tn,a^ be the sequence of linear positive operators defined by (7). Then for f €Cp, 

lim \\T^/{f-,x)-f{x)\\p=0. 

Proof To prove the theorem, it is sufficient to show that 


lim||7;';^^f';x)-xi|p=0, for / = 0,1,2. 

n^oo ’ ^ 

GC j3 

It is obvious that lim \\Tn a {l;x) — 1 ||p =0. Now,from the Lemma 2.2, we have 

n—foo ’ ^ 

( n 1 iI a X I 2a+l 

TFP “ ^ ^ + TFp T+7 + 2(7+^ 


\T^/(f^x) -x\\ = sup 

xg[0,=o; 


1 +x^ 


< 


X a 

” + ^ y i6[o^) 1 ^ +P xe[(l==) ~^x){l+x)^ 2(n + ^) (1+.r)2 


2a+ 1 1 

sup 


— .X lip—)> 0 as n 


— y oo. 


Also, we can write 


\Tn'^fit^'^x)-X^\\ = sup 

JTgp.oc) 


n^+n 2 I njl+la) . 2an , a(2+2o!) a: , 3a^+l _ 2 

{n+j3f(n+pfJuW f+PY (n+Pf l+x^3{n+l3f 


1 +X^ 


n(l—2j3)+j3^ x^ n(2 + 2a) x 

< -^- sup -- J sup 


{n + py x£[poo)^+x^ {n + py 1 + x^ (n+ (1+x)2(l+x2) 


2an 


+ (1+x)(l+x2) {n + py (1+•*)(! Tx^) 3(n + (1 q-x^) 

Which implies that ||7y^a^(f^;x) — x^||p —^ 0 as n —>■ oo. Hence, proof is completed. 


a(2 + 2a) 

■ + ^sup 


Sa^ + l 

■ + T2-sup 


Now we prove the next theorem using weighted modulus of continuity defined by Ispir0 as: 

\f{x + h)-f{x)\ 


Q.„{f;5)= sup 

|/2|<5,AG [0,oo) 


(1 +h'^){l +x2) 


for each f £Cp [0,°°). 

Some properties of £i„(/; 5) are as follows: 

Lemma4.2 Let/G Cp, 

(i) Q.n{f',5) is a monotonically increasing function of 5, 5 > 0. 
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(ii) For every f GCg, lim 5) = 0. 

^ 5-5-0 

(iii) For each positive value of X 


^n{f;X5) <2{l + X){1 + 5^)D.n{f;5). 

Using this property of modulus of continuity Q.n{f', S) and its definition, we have 

1/(0-/Wl < {l+X^){l + {t-x)^)Q.nif-,\t-x\) 


and also 

—!. + l^f2„(/; 5„)(1 +x^)(l + {t —x)^). (16) 

(1+52)(i + ^^^) (17) 

Theorem 4.3 Let / G ^ . Then the inequality 


1/(0-/(■^) I <2 

i^ + l)(l + (f-x)0 <2 


sup 

XG[0,oo) 


\T“/{f;x)-f(x)\ 

(1 +x^y 


<M“’^f2„(/;(n + j3)-2) 


holds, where 


is a constant independent of n. 


Proof From (16) and (17) we have 




< 4(1 +X^)(1 + 5l)Q.n{f\5n)T^f (a + ^ 04 ^ ) ) 

= 4(1 +x^)(l + 5^)f2„(/;5„) ^1 + 54 ^ ’■^)) 

< (1 +X^)Q.n{f-,dn)(l + {{t - xf-,x). 


Using Lemma 2.4, we obtain 




< 

< 

< 


M“’l^(l+x0n„(/;5„)(l + 



M“’l^(l +x^)f2„(/;(n + j3) 2)(x"^+x^ +x^+x+ 1) 
M“’l^(l+x0'f2«(/;(n + j3)-5). 


Therefore, we obtain 


sup 

j;G[0,oo) 


|r“/(/;x)-/(x)| 

{1+x^y 


<M“’l^f2„(/;(n + j3)-i). 
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